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Inverse Method for the Design of Multielement
High-Lift Systems

T.D. Realty* and J.C. Narramoref
Douglas Aircraft Company, McDonnell Douglas Corporation, Long Beach, Calif.

A multielement inverse potential flow program has been developed which will determine the section geometry
required to produce a desired upper-surface pressure distribution on one or more airfoils of a two-dimensional
multielement airfoil system. An iterative procedure is used which modifies the camberlines of bodies on which
the pressure is specified so that the calculated upper-surface pressure distributions approach the desired pressure
distributions. Two options are available: one that holds a constant thickness while changing the camberline, and
one that holds the lower surface shape constant, while changing the camberline and thickness. Both options
require that the chord lengths and relative positions are held constant during the iterative procedure. Examples
of the results of the inverse process are presented which illustrate the accuracy of the program and its potential
application to the design of improved high-lift systems.

Introduction
A ERODYNAMIC design problems become more com-

-/mplex as demands on aircraft performance and efficiency
increase. Therefore, development of accurate analytical
methods that can be utilized by the aerodynamic design
engineer to produce the most efficient vehicle is very im-
portant. Historically, subsonic airfoil design was afforded by
the use of direct inviscid flowfield solutions requiring many
iterations of geometric parameters and consuming much of
the designers' time with tedious tasks. The obtained solutions
were analyzed carefully before final wind-tunnel testing was
begun. After the results of the wind-tunnel tests were com-
piled, further alterations to the configuration might still have
to be made to achieve the desired, characteristics.

Inverse airfoil design computer programs recently have ac-
counted for a change in the philosophy associated with the
design procedure. Advantages of the inverse methods stem
from the fact that they allow the designer to specify the
pressure distribution and thereby the lift, pitching moment,
and boundary-layer development characteristics of the con-
figuration. Therefore, the performance of the system is
specified, and the inverse solution gives the geometry that will
produce that performance.

Two main categories, exact-transformation and iterative-
direct, encompass all inverse airfoil design methods.
Analytically exact solutions characterize methods falling in
the exact-transformation category, making these solutions
very valuable. However, currently operational transfor-
mation methods are limited to a single airfoil. Although
encouraging work on a two-element exact-transformation in-
verse has been done, there does not seem to be much hope for
extending this type of method to the case of three-or-rnore-
element airfoils.1

Thus, at the present time, multielement inverse design
methods2"4 rely on the utilization of iterative-direct
techniques. These methods use a direct solution that is not as
sophisticated as the higher-order Douglas-Neumann, and they
are not formulated with constraints that would make them ap-
plicable to the practical high-lift system design problem.
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In an interative-direct method, an accurate direct potential
flow method is coupled with an inverse algortithm, which will
modify a specified initial geometry automatically in an at-
tempt to achieve a required pressure distribution. In this ap-
proach, for realistic flows, the iterative-direct scheme will
reduce the difference between the calculated and required
pressure distributions to an arbitrarily small amount, depen-
ding upon the number of iterations.

A well-designed direct flowfield method always gives a
solution, because for every geometry there is a corresponding
pressure distribution. However, the same statement is
decidedly not true for an inverse method. In general, an ar-
bitrarily selected pressure distribution does not correspond to
a physically meaningful geometry. Thus, the true function of
an inverse method of any type is to find the body whose
pressure distribution is closest in some sense to the prescribed
distribution. Often the prescribed pressure distribution must
be altered by the designer, who thus remains in the "loop,"
but to a lesser extent than is required if only direct calculation
methods are used. Through wind-tunnel tests, the actual per-
formance of two-dimensional single-element airfoil sections
designed utilizing inverse computer programs has been shown
to correlate with predicted design values.5 The purpose of this
paper is to present an iterative-direct inverse computer
program developed as a design tool for multielement, high-lift
configuration airfoil design.

Discussion

In an iterative-direct inverse procedure, a method must be
devised to find the correction to the body which will reduce
the difference between the pressure distribution desired and
the pressure that is calculated by the direct solution for the
current configuration. Wilkinson's method2 determines the
vorticity distribution along the mean line that is necessary to
remove this velocity difference. Normal velocities are induced
at the mean line because of the vorticity distribution, implying
that the mean-line slope should be changed so that it is a
streamline in the flow resulting from the combination of the
normal induced velocity and the current flowfield. The
thickness distribution of the body is not changed.

Wilkinson's method gives satisfactory results for some test
cases even though it uses a fairly simple potential flow
technique. It was felt that Wilkinson's approach, used with a
more general and more accurate potential flow calculation
routine, such as the Douglas-Neumenn potential flow
method,6 having parabolic surface elements with linear
singularity variation, would yield a much more versatile
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method capable of obtaining a higher degree of accuracy with
the same number of elements. The greater accuracy of the
Douglas-Neumann method as compared to Wilkinson's ap-
proach is shown in Fig. 1, which presents a comparison of the
computed pressure distributions of Wilkinson and Douglas-
Neumann with the exact solution for a large camber Karman-
Trefftz airfoil. Because of the increased accuracy shown in the
preceding, an inverse procedure based on the Douglas-
Neumann method has been developed that is a close analogy,
with generalizations, to the original Wilkinson approach.

Since the present approach was developed for multielement
high-lift systems in which some of the geometries are required
to be fixed, it is necessary for the method to be capable of
analyzing configurations where the pressure is specified on
one or more elements and the geometry is specified on the
remaining elements. Also, since the capability of calculating
the effects of wind-tunnel walls on any configuration is
desired, the method must be able to calculate the flow about
nonlifting bodies. Accordingly the following types of
geometries are allowed in the present approach: 1) nonlifting
bodies such as wind-tunnel walls, 2) lifting airfoils with
geometry specified, and 3) lifting airfoils with pressure
specified. During the course of the iterations, the nonlifting
geometries remain fixed, while the lifting airfoils move in
such a way that the relative location of the leading edge of
each airfoil remains fixed with respect to the trailing edge of
the airfoil immediately upstream. All airfoil chords are
preserved. The airfoils on which pressures are not specified
change only location and do not change shape whereas the air-
foils on which pressure is specified, of course, change shape.
Figure 2 depicts the solution procedure which performs the
iterative-direct operation automatically.

The first step encountered in the present inverse method is
the calculation of thickness distributions and initial mean-line
shapes for the pressure-specified bodies. It should be noted
that the input for the Douglas-Neumann method consists of
points on each airfoil surface. Determination of the mean line
and thickness from this type of data may be accomplished by
determining the centers of circles that are tangent to the upper
and lower surfaces of the sections.

The next step is to determine the vorticity distribution on
the mean line which will cancel the difference between the
specified and the calculated pressures on the upper surface.
Normal and tangential induced velocity matrices must,
therefore, be calculated for the mean line and upper surface
of all of the pressure-specified bodies, using routines found in
the Douglas-Neumann Potential Flow Program. After a
direct solution has been obtained, a calculated velocity array
exists which can be compared to the desired velocity array to
determine the velocity difference array. Knowing the velocity
difference array AF, and the tangential induced velocity
matrix B^, the vorticity distribution 7 on the mean line that
will cancel the velocity difference array may be determined
from

—— EXACT SOLUTION
o WILKINSON SOLUTION
o HIGHER ORDER DOUGLAS-NEWMANN

X/C
Fig. 1 Comparison of pressure distributions calculated by two
potential flow methods with the exact solution for a large camber
Karman Trefftz airfoil.

where Nm is the total number of mean-line elements. The
tangential induced velocity matrix is formed by computing the
tangential velocities on the upper surface due to vorticity
distributions on the mean lines. In order to avoid numerical
difficulty, and exception is made when computing induced
tangential velocity on the upper surface of the body due to an
element of vorticity on its own mean line. In this case, tangen-
tial velocities are evaluated at the midpoints of elements on
the mean line and projected to the upper surface by
multiplying them by the cosine of the angle between the local
tangent to the mean line and the local tangent to the upper
surface (the asterisk is to call attention to this fact).

By use of the normal induced velocity matrix (Ay),
velocities normal to the mean line Vn are computed from

The velocities are induced by vorticity elements. However,
they are computed within the Douglas-Neumann routines
from the corresponding source velocities by interchanging
components and making one component negative, since

where A ,-, and B^ are, respectively, the normal and tangential
induced velocity matrices due to a source distribution, and
^4/7 and BjJ are the normal and tangential velocity matrices
due to a vorticity distribution. A detailed explanation of the
calculation of the induced velocities and the capabilities of the
Douglas-Neumann method are presented in Refs. 7 and 8.

Calculated normal velocities are interpreted as a required
change in slope of the mean-line element by means of the ap-
proximate relation

An j /&>;=¥„.

where Aw, is the local movement of the mean-line end point
normal to the mean line, and As, is the length of the mean-line
element. For simplicity this relation ignores the difference bet-
ween local tangential velocities and the freestream velocity.

New mean lines are determined by integrating the slope
changes. The original thickness then is wrapped around the
new camber line to determine the new configuration. The
whole process is iterated until the desired solution is obtained.
This inverse algorithm may be used to determine the shape of
multielement airfoil sections, which will produce a given
upper-surface pressure distribution by use of the iterative-
direct technique.

INPUT SURFACE GEOMETRY AND
DESIRED PRESSURE DISTRIBUTIONS

CALCULATE GEOMETRIC DATA
FOR PRESSURE-SPECIFIED BODIES

CALCULATE A DIRECT SOLUTION USING-
THE DOUGLAS-NEUMANN PROGRAM

CALCULATE VELOCITY
DIFFERENCE ARRAY

DETERMINE NORMAL AND TANGENTIAL
INDUCED VELOCITY MATRICES

SOLVE FOR VORTEX
DISTRIBUTION ON MEANLINE

DETERMINE NORMAL
VELOCITIES ON MEANLINES

DETERMINE NEW MEANLINES
AND RESULTING SHAPES

Fig. 2 Flow chart depicting the solution procedure.
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Extension of the Method

Seldom in the design of high-lift systems for aircraft is the
freedom to modify the total geometry allowed. At the present
state-of-the-art, the high-lift system configuration designer
usually is given freedom to modify only those parts of the
segmented airfoil not dictated by high-speed cruise con-
siderations (Fig. 3).

It was desirable, therefore, to develop a new inverse method
capable of calculating a modification to only part of the upper
surface of an airfoil to produce a satisfactory pressure
distribution on the section. Accordingly, an extension of the
basic inverse method has been developed that will perform the
mixed boundary condition inverse operation, i.e., an inverse
solution can be determined which allows a prescribed region
on the upper surface to be modified while the lower surface
and the region aft of the prescribed area on the upper surface
remain unchanged.

The solution method for the mixed boundary condition in-
verse is, again, an iterative process with the following steps
required to calculate a new configuration: 1) calculate a
direct solution, using the Douglas-Neumann program to
determine the pressure distribution on the current con-
figuration; 2) compare the calculated pressure to the desired
pressure in the pressure specified region of the upper surface;
3) determine the vorticity distribution on the mean line that
will produce the required change in the velocity on the upper
surface in the pressure specified region; 4) compute the nor-
mal velocity at the mean line due to this vorticity distribution;
5) interpret the normal velocity as a change in the slope of
the mean line, with the constraint that the last mean-line point
with pressure specified may not move, 6) calculate the new
upper surface due to the change in the mean line without
changing the lower surface; and 7) determine the new
thickness distribution and mean line.

It is seen easily that this method uses the same solution
procedures as the basic program. However, the thickness
distribution is allowed to change in the pressure specified

CRUISE CONFIGURATION

region. This option will provide a practical tool to the
aerodynamic design engineer for the design of improved high-
lift systems.

Test Cases

In order to establish the validity of the multielement inverse
potential flow program, calculations for a series of test cases
were performed using both inverse technqiues. First, so that
the accuracy of the inverse procedure could be determined,
test cases were devised which consisted of obtaining a solution
for a configuration by means of a direct solution, and then,
starting from a different configuration, determining how well
the inverse procedure matches the direct solution. During the
direct solution, the thickness distributions and pressure
distributions on the bodies were found. These thickness
distributions then were used to form new bodies with different
camberlines for input to the inverse program. The specified
pressures were the ones determined in the direct solution.
Comparisons of the results of the inverse solution and the
direct solution then can be used to determine the accuracy of
the inverse program.

The first case chosen for correlation was a single-element
airfoil which, at an angle of attack of 14°, has a large leading
edge velocity spike as computed in the direct solution by the
Douglas-Neumann program. The thickness distribution was
used as the input geometry for the inverse program. The
pressure distribution calculated in the direct solution by the
Douglas-Neumann program was used as the desired pressure
distribution, which also was input. Figure 4 shows that the in-
verse program not only computed the airfoil geometry and the
pressure recovery distribution accurately but also produced
the velocity peak at the nose.

Results for a supercritical single-element airfoil are shown
in Fig. 5. Comparison of the pressure distribution and
geometry of the input configuration (illustrated by a dashed
line) and the desired results (solid lines) shows that the aft sec-
tion of the airfoil must be cambered greatly to produce the
high loading in this region. Five inverse iterations produced
the solution of Fig. 5. Figure 6 shows that the small discrepan-
cies in the desired and resulting pressure distribution of Fig. 5

HIGH LIFT CONFIGURATION

v SURFACE AREAS WHICH MAY BE
MODIFIED DURING HIGH LIFT DESIGN

Fig. 3 Surfaces which may be modified by the high-lift designer.
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Fig. 5 Fifth iteration of supercritical airfoil inverse.
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Fig. 4 Single-element inverse verification case. Fig. 6 Fifteenth iteration of supercritical airfoil inverse.
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can be eliminated after 15 iterations. Five iterations for this
case required 0.246 min of CPU time on an IBM 370/168.

The desirability of this program is based on the fact that it
is designed to perform the inverse operation on multielement
configurations and to take into account the interactive in-
fluences of multielement airfoils. An input configuration for
a two-element system is presented in Fig. 7. It is shown that
the pressures on the upper surfaces of both elements must be
lowered to achieve the desired pressure distributions. Figure 8
shows that the desired pressure distribution and geometry
were achieved after five iterations. Each iteration of this case
required approximately 0.053 min of CPU time on an IBM
370/168. It is evident in the figure that the inverse procedure
not only produced a camber change in the flap, but also repor-
duced the proper angle with respect to the main section.

The three-element inverse capability, which is unique to
iterative-direct inverse methods, is demonstrated in Fig. 9.
Figure 9a shows the input geometry consisting of symmetrical
airfoils with the same thickness distributions as the desired
airfoils and the pressure distribution on the input con-
figuration. Comparing the desired and calculated pressures of
Fig. 9a, it can be seen that large loading changes are required
on all of the sections. Results of the fifth iteration are com-
pared to the desired solution in Fig. 9b. Notice that the
pressures and geometries are reproduced accurately, and the
dove-tail region of the main airfoil is determined correctly.

Figure 10 illustrates the ability of the inverse program to
handle the mixed problem where the shapes of some sections
are specified and the pressure distributions on other sections
are defined. In the case shown, the airfoil geometry is given
for the first two elements and the pressure is given for the
third element. After five iterations, the inverse solution for
the geometry and pressure distribution of the flap approached

cp
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Fig. 7 Input configuration for two-element inverse.
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the desired results. This capability to modify selected elements
of a multielement airfoil system is very useful in the practical
design of high-lift systems.

The preceding examples have shown the ability of the
present method to obtain an inverse solution with little or no
discrepancy between specified and obtained pressure
distributions for a wide variety of cases. In addition to these
examples, cases were run in which the pressure distributions
on airfoils were modified without prior knowledge of the
correct solution. Also, it should be mentioned that all of the
following cases represent the first solution obtained. No per-
turbations of the input parameters were performed so that a
better agreement between desired and calculated pressures
might be found.

-3

a) 1

- DESIRED PRESSURE DISTRIBUTION
-STARTING GEOMETRY AND PRESSURE

0.1 0.2 0.3 0.4 0.5 0.6 0.7
X/C
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b) 1

__ DESIRED RESULTS
* INVERSE SOLUTION AFTER FIVE ITERATIONS

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8& 0.9J 1.0 l.lTl.2
7

Fig. 9 a) Input geometry for three-element inverse; b) fifth iteration
of three-element inverse.
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X/C A / \

Fig. 10 Inverse solution for three-element case with one element
having its pressure specified.
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DISTRIBUTION

ORIGINAL GEOMETRY AND
PRESSURE DISTRIBUTION
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Fig. 8 Fifth iteration of two-element inverse. Fig. 11 Input configuration of flap design for a 12-% thick airfoil.
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The first case considered was a flap system design for a
12-%-thick airfoil. The original geometry, shown in Fig. 11,
produced a large velocity peak at the front of the flap which
the boundary layer cannot withstand without separation. The
inverse routine was applied to determine whether a new flap
shape could be defined which would lower that peak. Figure
12 shows the results of the inverse operation after five
iterations. The peak on the flap was indeed reduced, but the
pressure produced was not exactly the input-desired pressure
distribution, indicating that the specified pressure that was
chosen arbitrarily will not produce a realistic geometry.

Figure 13 shows an attempt to design a slat that is to main-
tain a high loading over a considerable chordwise extent. The
input configuration shown in Fig. 13a has a velocity spike at
the nose of the slat which produces a minimum pressure coef-
ficient of -30.01. The objective was to hold a minimum
pressure of -8.5 on the slat and preserve the geometry of the
wing section. Figure 13b shows the resulting shape and
pressures as computed by the inverse technique. Notice how
the slat is modified into a shape which is highly cambered in
order to produce a distribution that has a constant load
region.

Another case that was examined was a two-element airfoil
designed for high lift without boundary-layer separation. A
stratford-type pressure distribution, which allows complete
recovery without separation, was specified on two equal-

DISTRIBUTION

CALCULATED GEOMETRY
AND PRESSURE
DISTRIBUTION
(5 ITERATIONS)

20 40 60 80 100
PERCENT UNBROKEN CHORD

Fig. 12 Solution given by inverse operation after fifth iteration on
flap design for 12% thick airfoil.
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Fig. 13 a) Input geometry for high load slat design; b) inverse
solution for high load slat design.

chord Liebeck-type elements.9 Because of the circulation ef-
fect, the aft element induces an increase in circulation on the
forward body.10 Therefore, the forward element was ar-
bitrarily assigned a velocity ratio-squared (V)2 of twice that of
the aft element. The input configuration is shown in Fig. 14.
As can be seen in Fig. 15, the bodies were considerably
modified and the pressure distribution approached the desired
pressure distribution after the inverse procedure had been ap-
plied. Again, modifications of the desired pressure
distributions (such as raising the front element velocity/
squared ratio to 3 times that of the aft element, etc.) could
lead to a closer agreement between desired and obtained
pressures.

An example of using the upper-surface inverse option is
presented in Fig. 16. For this example, the flap system design
for a 12-% thick airfoil was utilized as the original con-
figuration (see Fig. 11). In this case, the velocity peak was to
be limited to a lower value by only modifying part of the up-
per surface of the flap which constitutes a practical design
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Fig. 14 Input configuration for two-element airfoil designed for high
lift without separation.
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Fig. 15 Solution produced by inverse program for two-element air-
foil designed for high lift without separation.

PRESSURE DISTRIBUTION

—— DESIRED
—— CALCULATED
—— ORIGINAL

20 40 60 80 100 120
PERCENT UNBROKEN CHORD

Fig. 16 Upper surface inverse option checkout case on flap design
for a 12-% thick airfoil.



398 T.D. BEATTY AND J.C. NARRAMORE J. AIRCRAFT

problem constraint. Figure 16 shows that the inverse routine
lowered the minimum pressure peak but did not lower it to the
desired level, since that solution is not physically possible. If
the designer found this solution still undesirable further
modifications of the desired pressure distribution would lead
to different solutions.

Conclusions
The availability of an inverse multielement airfoil design

method can provide considerable insight into potential
aerodynamic improvement for high-lift systems. Questions
concerning the optimization of high-lift configurations now
may be approached by other than trial-and-error methods,
with an attendant reduction in the time required.

A method has been described for calculating the section
shapes required to produce arbitrarily specified pressure
distributions on the upper surfaces of one or more airfoils.
The theoretical formulation of the potential flow method
utilized is exact and accounts for all interference effects be-
tween elements. The inverse method is an iterative-direct
procedure, which modifies the mean line of pressure-specified
bodies, while the chord length, relative positions, and
thickness or lower surface are held constant.
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